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Biogeochemical reactions modulate the chemical composition of the oceans and atmos-
phere, providing feedbacks that sustain planetary habitability over geological time. Here, 
we mathematically evaluate a suite of biogeochemical processes to identify combinations 
of reactions that stabilize atmospheric carbon dioxide by balancing fluxes of chemical 
species among the ocean, atmosphere, and geosphere. Unlike prior modeling efforts, this 
approach does not prescribe functional relationships between the rates of biogeochemical 
processes and environmental conditions. Our agnostic framework generates three types 
of stable reaction combinations: closed sets, where sources and sinks mutually cancel for 
all chemical reservoirs; exchange sets, where constant ocean–atmosphere conditions are 
maintained through the growth or destruction of crustal reservoirs; and open sets, where 
balance in alkalinity and carbon fluxes is accommodated by changes in other chemical 
components of seawater or the atmosphere. These three modes of operation have dif-
ferent characteristic timescales and may leave distinct evidence in the rock record. To 
provide a practical example of this theoretical framework, we applied the model to recast 
existing hypotheses for Cenozoic climate change based on feedbacks or shared forcing 
mechanisms. Overall, this work provides a systematic and simplified conceptual frame-
work for understanding the function and evolution of global biogeochemical cycles.

element cycles | habitability | Earth history | seawater chemistry

1. Biogeochemistry and habitability

The partial pressure of carbon dioxide in Earth’s atmosphere (pCO2) is among the most 
important drivers of Earth’s climate. Despite evidence for its long- term stability (1), theory 
suggests that pCO2 is extremely sensitive to even small imbalances between the input and 
output fluxes of carbon and alkalinity (ALK) to the ocean–atmosphere system (2, 3). To 
avoid unrealistic variations in pCO2, numerical models of the long- term carbon cycle 
often employ a climate- dependent silicate weathering feedback that couples ALK produc-
tion to environmental conditions (4). Although the hypothesis of a silicate weathering 
feedback is well founded (5), alternative or compensatory biogeochemical mechanisms 
for the regulation of atmospheric CO2 have also been proposed and may be similarly 
important; these mechanisms stress the role of tectonics and erosion in promoting silicate 
weathering (6–8), organic carbon oxidation and burial (9–12), sulfuric acid production 
(13, 14), carbonate weathering and precipitation (15), and clay formation (16–18). 
Understanding the sets of biogeochemical reactions that can stabilize pCO2, as well as 
how those processes impact the composition and size of Earth’s crustal reservoirs, the 
major ion chemistry of seawater, and the redox state of the atmosphere, remain major 
challenges for understanding planetary habitability over geological timescales.

The output of long- term carbon cycle models can depend critically on the parameteri-
zations that couple element fluxes to climate state or reflect specific interpretations of 
chemical archives. For example, models reflecting different perspectives on the 87Sr/86Sr 
record have elicited conflicting interpretations of reduced mafic weathering (19) or 
increased mafic weathering (20) throughout the Neogene. Moreover, even within the same 
numerical framework, changes in process equations or forcings can substantially alter model 
results (21–24). In contrast, here, we take a different, agnostic approach that avoids pre-
scribing functional relationships between climate conditions and chemical fluxes. Our goal 
in this work is not to prescribe how biogeochemical processes relate to one another through 
possible shared dependencies, as that effort has occupied low- temperature geochemical 
box modeling for much of the preceding decades, but instead to provide a biogeochemical 
abstraction—a way to organize processes and fluxes without explicitly representing the 
evolution of Earth’s reservoirs through time. Rather than constructing a time- evolving box 
model, here we instead consider a core set of biogeochemical processes and quantify their 
collective impacts on global element cycles. By evaluating inputs and outputs to the fluid 
Earth without enforcing subjective parameterizations for how those fluxes arise from 
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environmental conditions, we calculate the fundamental modes 
of carbon cycle stability. Although this work thus differs substan-
tially from prior geochemical modeling efforts, it is necessarily 
informed by the history of box modeling (21, 25–30). Our 
approach parallels and extends that of Garrels and Perry (31); we 
first consider steady- state conditions for all chemical reservoirs, 
then evaluate how reactions can exchange mass among crustal 
reservoirs without altering ocean–atmosphere conditions, and 
finally consider how changes in the chemistry of the atmosphere 
and ocean can stabilize pCO2. By formalizing how combinations 
of biogeochemical reactions impact element cycles, this work pro-
vides a systematic and simplified framework for understanding 

stability and instability in the biogeochemical components of 
Earth’s climate over geological timescales.

2. Biogeochemical Reactions and Set 
Calculations

Our analysis is built from a suite of biogeochemical processes that 
influence the chemical composition of the fluid Earth (Table 1). 
These processes include mantle degassing of CO2, hydrochloric 
acid (HCl), and hydrogen sulfide (H2S); metamorphism and pre-
cipitation of calcite, dolomite, and siderite; weathering and reverse 
weathering (authigenic silicate mineral formation) of calcium, 

Table 1.   Biogeochemical reactions
# Biogeochemical reaction Chemical expression

1 Mantle degassing of CO
2

CO
2 (mantle)

→ CO
2

2 Mantle degassing of HCl HCl (mantle ) → H
+
+ Cl

−

3 Mantle degassing of H
2
S H

2
S (mantle ) → H

2
S

4 Calcite metamorphism CaCO
3
+ SiO

2 (solid)
→ CO

2
+ CaSiO

3

5 Dolomite metamorphism CaMg

(

CO
3

)

2
+ 2SiO

2 (solid)
→ CaSiO

3
+MgSiO

3
+ 2CO

2

6 Siderite metamorphism FeCO
3
+ SiO

2 (solid)
→ CO

2
+ FeSiO

3

7 Ca- silicate weathering 2H
+
+ CaSiO

3
→ Ca

2+ + H
2
O + SiO

2 (aq)

8 Mg- silicate weathering 2H
+
+MgSiO

3
→Mg

2+ + H
2
O + SiO

2 (aq)

9 Na- silicate weathering 2H
+
+ Na

2
SiO

3
→ 2Na

+ + H
2
O + SiO

2 (aq)

10 K- silicate weathering 2H
+
+ K

2
SiO

3
→ 2K

+
+ H

2
O + SiO

2 (aq)

11 Fe- silicate weathering 2H
+
+ FeSiO

3
→ Fe

2+ + H
2
O + SiO

2 (aq)

12 Calcite weathering 2H
+
+ CaCO

3
→ Ca

2+ + CO
2
+ H

2
O

13 Dolomite weathering 4H
+
+ CaMg

(

CO
3

)

2
→ Ca

2+ +Mg
2+ + 2CO

2
+ 2H

2
O

14 Siderite weathering 2H
+
+ FeCO

3
→ Fe

2+ + CO
2
+ H

2
O

15 Silica weathering SiO
2 (solid)

→ SiO
2 (aq)

16 Mg- reverse weathering Mg
2+ + H

2
O + SiO

2 (aq)
→ 2H

+
+MgSiO

3

17 Na- reverse weathering 2Na
+
+ H

2
O + SiO

2 (aq)
→ 2H

+
+ Na

2
SiO

3

18 K- reverse weathering 2K
+
+ H

2
O + SiO

2 (aq)
→ 2H

+
+ K

2
SiO

3

19 Fe- reverse weathering Fe
2+ + H

2
O + SiO

2 (aq)
→ 2H

+
+ FeSiO

3

20 Silica formation SiO
2 (aq)

→ SiO
2 (solid)

21 Calcite formation CO
2
+ H

2
O + Ca

2+
→ 2H

+
+ CaCO

3

22 Dolomite formation 2CO
2
+ 2H

2
O + Ca

2+
+Mg

2+
→ 4H

+
+ CaMg

(

CO
3

)

2

23 Siderite formation CO
2
+ H

2
O + Fe

2+
→ 2H

+
+ FeCO

3

24 Oxygenic photosynthesis CO
2
+ H

2
O→ CH

2
O +O

2

25 Aerobic respiration CH
2
O +O

2
→ CO

2
+ H

2
O

26 Sulfide oxidation H
2
S + 2O

2
→ SO

2−

4
+ 2H

+

27 Sulfate reduction 2H
+
+ SO

2−

4
+ 2CH

2
O→ H

2
S + 2CO

2
+ 2H

2
O

28 Ferrous iron oxidation 4Fe
2+ +O

2
+ 4H

2
O→ 2Fe

2
O
3
+ 8H

+

29 Ferric iron reduction 8H
+
+ 2Fe

2
O
3
+ CH

2
O→ 4Fe

2+ + CO
2
+ 5H

2
O

30 Pyrite oxidation 4FeS
2
+ 15O

2
+ 8H

2
O→ 8SO

2−

4
+ 2Fe

2
O
3
+ 16H

+

31 Pyrite formation 2H
2
S + Fe

2
O
3
+ 2H

+
→ FeS

2
+ Fe

2+ + 3H
2
O

32 Gypsum dissolution CaSO
4
⋅ 2H

2
O→ Ca

2+
+ SO

2−

4
+ 2H

2
O

33 Gypsum formation Ca
2+

+ SO
2−

4
+ 2H

2
O→ CaSO

4
⋅ 2H

2
O

34 Halite dissolution NaCl→ Na
+ + Cl

−

35 Halite formation Na
+
+ Cl

−
→ NaCl

36 Nitrogen fixation 2N
2
+ 6H

2
O + 4H

+
→ 4NH

+

4
+ 3O

2

37 Nitrification NH
+

4
+ 2O

2
→ NO

−

3
+ H

2
O + 2H

+

38 Denitrification 4NO
−

3
+ 4H

+
+ 5CH

2
O→ 2N

2
+ 7H

2
O + 5CO

2

Reactions describe mantle inputs (#1 to 3), metamorphism (#4 to 6), silicate weathering (#7 to 11), carbonate weathering (#12 to 14), silica weathering (#15), reverse weathering (#16 to 
19), silica formation (#20), carbonate formation (#21 to 23), photosynthesis and aerobic respiration (#24 and 25), the cycling of sulfur and iron (#26 to 31), salt formation and dissolution 
(#32 to 35), and nitrogen cycling (#36 to 38). Solid compositions are idealized and specific environmental contexts are not considered. Each reaction runs unidirectionally to the right.
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magnesium, sodium, potassium, and iron silicate phases; dissolu-
tion and precipitation of halite and gypsum; and biological cycling 
of carbon, oxygen, sulfur, nitrogen, and iron. Each process is rep-
resented by a simplified chemical reaction that encompasses 
underlying physical and biochemical steps, and these reactions 
can be combined to represent net geochemical reaction systems. 
To establish a convenient reference frame, each chemical species 
in each reaction is written as its dominant form at the second 
equivalence point such that the stoichiometric factors on H+ and 
CO2 correspond to fluxes of ALK and fluid inorganic carbon 
(FIC), where FIC is equal to the sum of pCO2 and ocean–atmos-
phere dissolved inorganic carbon (DIC) (32).

Generalizations are made for simplicity; for example, organic 
matter is presented as a unit carbohydrate without nitrogen, phos-
phorus, or sulfur, meaning that its oxidation generates FIC but 
not ALK, while aerobic respiration does not distinguish among 
environmental settings. Silicate mineral reconstitution is repre-
sented with a fixed cation/silica ratio without attempting to cap-
ture the range of clay chemistries, the role of aluminum, or 
environmental context (e.g., high- temperature or low- temperature). 
We represent sulfur degassing as H2S in order to capture its likely 
mantle redox state and speciation; although SO2 is commonly 
observed in volcanic systems, that flux could reflect an oxidized 
product of a reduced precursor. Moreover, because long- term 
changes in mantle redox state are not directly relevant to evaluating 
how combinations of biogeochemical processes balance fluxes 
through the ocean–atmosphere system, as well as due to the long 
residence time of many chemicals in the mantle, we do not 

consider subduction fluxes. While many of the reactions in Table 1 
may be limited by additional reactants and environmental condi-
tions, such as the availability of nutrients like phosphate, this 
simplified set of processes best demonstrates how different reaction 
combinations can result in stable element cycles.

The biogeochemical reactions can be written as a series of dif-
ferential equations and rearranged into the matrix equation 
A �⃗x = �⃗b (Fig. 1). In this equation, A is an m- by- n matrix of stoi-
chiometric constants (units: moles/reaction), �⃗x is a vector of length 
n quantifying reaction rate (units: reaction/time) where all values 
must be ≥ 0 because each reaction in Table 1 is considered unidi-
rectionally (SI Appendix, section S3, Gross Fluxes and Net Fluxes), 
and �⃗b is a vector of length m describing the time- derivatives of 
each chemical species (units: moles/time). Under this formalism, 
a vector �⃗x of biogeochemical process rates is mapped by matrix A 
to changes in the size of fluid (dissolved and gaseous) and crustal 
reservoirs. We consider three forms of A and �⃗b that each retains 
all processes but differ in the number of tracked chemical species: 
Acl osed  and �⃗b closed , Aexchange and �⃗b exchange , and Aopen and �⃗b open . 
The closed forms include all chemical species, the exchange forms 
include only dissolved and gaseous chemical species, and the open 
forms include only ALK and FIC (Fig. 1). Note that we group 
H2O with the crustal reservoirs, rather than as a dissolved species, 
because we are primarily concerned with charged solutes and the 
modern marine water reservoir is large. Although our analysis 
includes 38 reactions impacting 33 chemical species, the equations 
are not linearly independent; the rank of Acl osed  , Aexchange , and 
Aopen are only 20, 13, and 2, respectively. By the rank- nullity 

d
dt

0

A
ex
ch
an
ge

A
op
en

A
cl
os
ed

ALK

xMantle CO2 (#1)

xMantle HCl (#2)

xMantle H2S (#3)
xCalcite metamorphism (#4)

xDolomite metamorphism (#5)

xSiderite metamorphism (#6)

xCa-silicate weathering (#7)

xMg-silicate weathering (#8)

xNa-silicate weathering (#9)

xK-silicate weathering (#10)

xFe-silicate weathering (#11)

xCalcite weathering (#12)
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xSiderite weathering (#14)

xSilica weathering (#15)
xMg-reverse weathering (#16)

xNa-reverse weathering (#17)
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xPyrite oxidation (#30)
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xSulfate reduction (#27)
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xHalite dissolution (#34)
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xDenitrification (#38)
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Fig. 1.   The equation A �⃗x =
�⃗
b for the biogeochemical processes under consideration (Table 1). Columns of A correspond to reactions and rows correspond to 

chemical species. Entries in A reflect stoichiometric coefficients (moles/reaction), entries in �⃗x describe reaction rates (reaction/time), and entries of �⃗b are time 
derivatives of chemical species reservoirs (moles/time). Most entries of A are zero as most processes involve only a small number of chemical species. A

closed
 

and �⃗b
closed

 are the entire matrix and vector, A
exchange

 and �⃗b
exchange

 are resolved only to ocean–atmosphere species (excluding entries for H2O and lower), and 
A
open

 and �⃗b
open

 are resolved only to ALK and FIC (excluding entries for Ca2+ and lower).
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theorem, which relates matrix rank, nullity, and number of matrix 
columns, the dimensions of the Acl osed  , Aexchange , and Aopen 
null spaces are 18, 25, and 36, respectively.

To identify combinations of biogeochemical reactions resulting 
in steady- state conditions, constant ocean–atmosphere chemistry, 
or constant ocean–atmosphere ALK and FIC, we calculated the 
set of vectors in the null spaces of the three different A  matrices. 
Vectors satisfying Acl osed �⃗x = �⃗0  are dubbed closed sets and cor-
respond to reaction combinations that generate steady- state con-
ditions by balancing input and output fluxes to all reservoirs. 
Vectors satisfying Aexchange �⃗x = �⃗0  include the closed sets as well 
as additional vectors, dubbed exchange sets, and correspond to 
combinations of biogeochemical reactions that balance fluxes to 
and from the ocean–atmosphere system but allow for growth or 
destruction of crustal reservoirs. Vectors satisfying Aopen �⃗x = �⃗0  
include the closed and exchange sets as well as additional vectors, 
dubbed open sets, and correspond to reaction combinations that 
allow ocean–atmosphere chemistry to vary while ALK and FIC 
fluxes remain balanced. The closed sets, closed + exchange sets, 
and closed + exchange + open sets thus define 18- , 25- , and 
36- dimensional subspaces of ℝ38 corresponding to the null spaces 
of Acl osed   , Aexchange  , and Aopen  , respectively (Fig. 2). These 
three different types of reaction combinations are useful because 
they capture distinct behaviors through which ALK and FIC 
fluxes, and thus pCO2, can remain balanced over different inter-
vals of geological time. Given that the inherent timescale of car-
bon cycle instability is approximately 1 Myr (2), geochemical 

conditions over longer timescales can be viewed as quasistatic for 
the carbon and alkalinity cycles and can thus be described by a 
combination of closed, exchange, and open sets built from the 
assumption of balanced ALK and FIC fluxes.

3. Results and Discussion

3.1. Closed Sets: Steady- State Conditions. The first class of �⃗x   , 
closed sets, describes combinations of biogeochemical reactions 
that result in no change to any chemical reservoirs. We identify 18 
such closed sets, �⃗x 1   to �⃗x 18   , each of which is comprised of two to 
five mutually canceling biogeochemical reactions (Fig. 3). Because 
linear combinations of closed sets are also closed sets, the 18 
reaction combinations we classify as basis vectors for the null space 
of Acl osed   , although chosen to reflect intuitive biogeochemical 
combinations (31, 33), are non- unique (SI Appendix, section S2, 
Derivation of Sets). The closed sets containing only two reactions 
entail simple forward and reverse processes, such as the weathering 
and formation of carbonate minerals, evaporite minerals, and silica; 
oxygenic photosynthesis and aerobic respiration; or the weathering 
and reverse weathering of Mg- , Na- , K- , and Fe- silicate (Fig. 3 
B–D, G, and H). Closed sets containing three reactions include a 
sulfur- based set of oxygenic photosynthesis, sulfide oxidation, and 
microbial sulfate reduction, as well as an iron- based set of oxygenic 
photosynthesis, ferrous iron oxidation, and reduction of ferric 
iron (Fig. 3 D and E). The four- reaction sets include the “Urey” 
set, comprised of calcite metamorphism, Ca- silicate weathering, 
calcite formation, and silica formation (33), a siderite- based 
equivalent to the Urey set, and a nitrogen- based set that balances 

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x13 x14x12 x15 x16 x17 x18

x Aclosed null space + Aexchange null space + Aopen null space
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Fig. 2.   Basis vectors 
(

�⃗x i

)

 for the null space of A
closed

 (  �⃗x 1 − �⃗x
18 ), A

exchange
 (  �⃗x 1 − �⃗x

25 ), and A
open

 (  �⃗x 1 − �⃗x
36 ). Vectors satisfying A �⃗x = �⃗0 can be expressed as the sum 

of the relevant basis vectors weighted by �
i
 values. The �

i
 values, which reflect the contribution of each basis vector to �⃗x  , can be positive or negative as long as 

each of the values within the final �⃗x is ≥ 0.
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oxygenic photosynthesis against nitrogen fixation, nitrification, and 
denitrification (Fig. 3 A and F). Lastly, the five- process sets include 
a dolomite version of the Urey set and a pyrite- accommodated 
version of the sulfur set (Fig. 3 A and E). Solid- earth degassing 
processes are not included in the closed sets because we elected 
not to include reactions describing the return of CO2, HCl, or 
H2S to the mantle through subduction (Table 1), meaning that 
any amount of solid- Earth degassing would necessitate changing 
at least one chemical reservoir in the ocean–atmosphere–geosphere 
system. This choice of reference frame does not impact the utility 
of our framework as including fluxes into the mantle would not 
substantially change any of our major conclusions.

The 18 closed sets constrain which biogeochemical reactions 
must change in concert to maintain steady- state conditions for all 
reservoirs in the ocean–atmosphere–geosphere system. For example, 
consider an increase in calcite metamorphism and associated CO2 
degassing, like that commonly proposed during intervals of greater 
mountain building (34). For all chemical species to attain 
steady- state conditions following this enhancement, regardless of 
what those steady- state conditions are, our analysis based on the 
biogeochemical processes in Table 1 shows that either calcite met-
amorphism must decrease back to the initial condition or Ca- silicate 
weathering, calcite formation, and silica formation must all increase; 
no other combination of reactions can compensate for enhanced 

A B C

D

G H

E F

Fig.  3.   Closed sets. These mutually canceling combinations of biogeochemical reactions are grouped into categories describing (A) Urey- style reactions,  
(B) carbonate weathering and formation, (C) silicate weathering and reverse weathering, (D–F) cycling of organic matter, iron, sulfur, pyrite, and nitrogen, (G and H) 
dissolution and formation of gypsum, halite, and silica. Each closed set can be combined at arbitrary magnitudes with the other closed sets without destabilizing 
major element cycles. Within each panel, the biogeochemical processes contributing to individual sets are presented in the same color. The plotted scaling for 
each set is to enhance visibility and does not reflect relative importance in the Earth system.
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calcite metamorphism without modifying another chemical reser-
voir. Compensating for increased CO2 release by increasing organic 
carbon formation would increase pO2 or a related reservoir like 
marine SO4

2−, while decreasing mantle degassing would balance 
FIC but result in a smaller calcite reservoir and larger Ca- silicate 
reservoir. Although the reactions within any closed set must increase 
and decrease together to attain a new steady- state, this framework 
does not specify either the path(s) to that steady- state or the ultimate 
steady- state conditions.

Changes to the relative magnitudes of closed sets still yield 
steady- state conditions. However, within the context of a box 
model, changes in the magnitudes of closed sets can alter the 
steady- state conditions even while fluxes among reservoirs remain 
balanced. This result occurs because steady- state conditions can 
respond to flux magnitude and not only to the differences between 
input and output fluxes. Such behavior is analogous to how the 
steady- state condition for a one- box reservoir with constant input 
and first- order output depends on the size of the input flux even 
when inputs and outputs are equal. For example, increases in the 
strength of the carbonate closed set, consisting of calcite weath-
ering and calcite formation, would increase the delivery of alka-
linity to the fluid Earth and deepen the carbonate compensation 
depth (CCD), altering pCO2 even while balancing carbonate 
weathering and formation (15). In general, the dependencies 
encoded in the equations of numerical models will determine how 
changes in the magnitude of closed sets manifest as shifts in 
steady- state conditions.

3.2. Exchange Sets: Constant Ocean–Atmosphere Conditions 
with Changing Crustal Reservoirs. Evidence from global 
stratigraphic databases and isotope mass balance models indicates 
that crustal carbonate, silicate, evaporite, and organic matter 
reservoirs have gained and lost mass through time even while the 
climate has remained equable (25, 26, 35). Having established the 
reaction combinations that fully balance chemical fluxes in the 
ocean–atmosphere- geosphere system, we thus now turn toward 
combinations of reactions that can exchange mass among crustal 
reservoirs while preserving ocean–atmosphere chemistry. We 
identify 25 such reaction combinations, 18 of which are equivalent 
to the closed sets and 7 of which are new exchange sets ( �⃗x 19 to 
�⃗x 25 ) (Fig. 4). As was the case with closed sets, the seven vectors 
we classify as new basis vectors for the null space of Aexchange are 
non- unique.

The first three exchange sets account for solid- Earth degassing 
by converting mantle- derived CO2 to calcite ( �⃗x 19 ), HCl to halite 
( �⃗x 20 ), and H2S to pyrite ( �⃗x 21 ) (Fig. 4 A–C and Table 2). These 
sets enable growth of crustal reservoirs without microbially cata-
lyzed reactions and thus provide mechanisms for accumulating 
sedimentary deposits during Earth’s prebiotic period or on an early 
warm and wet Mars. Moreover, degassing of CO2 and carbonate 
metamorphism are interchangeable for exchange sets because both 
reactions add exclusively FIC to the ocean–atmosphere system.

The fourth and fifth exchange sets describe the substitution of 
Ca, Mg, and Fe between carbonate and silicate phases (Fig. 4D). 
Within each of these sets, the transformation of carbonate to silicate 

A B C

D E F

Fig. 4.   Exchange sets. These combinations of biogeochemical processes alter the mass of crustal reservoirs without modifying ocean–atmosphere conditions. 
(A–C) Exchange sets based around mantle inputs. (D) Exchange sets with cation substitution between carbonate and silicate phases. (E and F) Exchange sets that 
balance reducing powering by exchanging oxidized carbon and reduced sulfur or iron for reduced carbon and oxidized sulfur or iron. Within each panel, the 
biogeochemical processes contributing to individual sets are presented in the same color. The plotted scaling for each set is to enhance visibility and does not 
reflect relative importance in the Earth system. See Table 2 for the chemical reactions associated with each exchange set.D
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releases FIC while transformation from silicate to carbonate con-
sumes FIC, resulting in no net FIC change (31, 38). For example, 
�⃗x 22 describes the conversion of Ca- silicate and dolomite to calcite 
and Mg- silicate and �⃗x 23 describes the conversion of Ca- silicate and 

siderite to calcite and Fe- silicate (Table 2). The first reaction, run-
ning in the direction of increasing calcite and Mg- silicate at the 
expense of Ca- silicate and dolomite, has previously been proposed 
to proceed throughout recent geological time as dolomite was 

Table 2.   Chemical reactions corresponding to exchange sets ( x⃗
19

− x⃗
25

 ), notable open sets ( x⃗
26

− x⃗
28

 ), and  additional 
exchange and open reactions derived from x⃗

1
− x⃗

36
 ( �x⃗

i
)

Notes Reaction
Mantle exchange sets:

�⃗x
19

: Mantle Urey CO
2 (mantle)

+ CaSiO
3
→ CaCO

3
+ SiO

2 (solid)

�⃗x
20

: Halite 
formation

2HCl
(mantle)

+ Na
2
SiO

3
→ 2NaCl + SiO

2 (solid)
+ H

2
O

�⃗x
21

: Pyrite 
formation

2H
2
S
(mantle)

+ Fe
2
O
3
+ SiO

2 (solid)
→ FeS

2
+ FeSiO

3
+ 2H

2
O

Cation substitution exchange sets:

�⃗x
22

: Ca2+- Mg2+ 
substitution

CaSiO
3
+ CaMg

(

CO
3

)

2
→ 2CaCO

3
+MgSiO

3

�⃗x
23

: Ca2+- Fe2+ 
substitution

CaSiO
3
+ FeCO

3
→ CaCO

3
+ FeSiO

3

Σ �⃗x i
: Fe2+- Mg2+ 

substitution
FeSiO

3
+CaMg

(

CO
3

)

2

→CaCO
3
+FeCO

3
+MgSiO

3

�
6
= �

10
= �

22
= 1, �

23
= − 1

Redox balance exchange sets:

�⃗x
24

: Redox balance 
from carbon and 
sulfur cycles

4FeS
2
+CaCO

3
+7CaMg

(

CO
3

)

2
+7SiO

2 (solid)
+31H

2
O→15CH

2
O+8(CaSO

4
⋅2H

2
O)+2Fe

2
O
3
+7MgSiO

3

Σ �⃗x i
: Reaction �⃗x

24
  

in reverse
�
4
= �

14
= 1, �

5
= �

7
= �

18
= 7, �

16
= 8, �

24
= − 1

�⃗x
25

: Redox 
balance from 
carbon and iron 
cycles

3FeSiO
3
+ FeCO

3
+ H

2
O→ CH

2
O + 2Fe

2
O
3
+ 3SiO

2 (solid)

Σ �⃗x i
: Reaction �⃗x

25
  

in reverse:
�
6
= �

12
= 1, �

10
= �

18
= 3, �

25
= − 1

Σ �⃗x i
: Redox  

balance from 
carbon and iron 
cycles 
(alternative)

4FeSiO
3
+ CaMg

(

CO
3

)

2
+ H

2
O→

CH
2
O + 2Fe

2
O
3
+ 3SiO

2 (solid)
+ CaCO

3
+MgSiO

3

�
10

= �
22

= �
25

= 1, �
23

= − 1

Σ �⃗x i
: Redox  

balance from  
sulfur and iron  
cycles

13SiO
2 (solid)

+ 7Fe
2
O
3
+ FeS

2
+ 2CaSiO

3
+ 4H

2
O→

15FeSiO
3
+ 2

(

CaSO
4
⋅ 2H

2
O

)

�
4
= −

1

4

, �
10

= �
18

=
45

4

, �
12

= �
23

=
15

4

, �
22

= −
7

4

, �
24

=
1

4

, �
25

= −
15

4

Select open sets:

�⃗x
26

: O2 from 
siderite

4FeCO
3
+ 4H

2
O→ 3O

2
 + 4CH

2
O + 2Fe

2
O
3

Σ �⃗x i
 : O2 from 

siderite 
(alternative)

FeCO
3
+ H

2
O + SiO

2 (aq)
→ O

2
+ CH

2
O + FeSiO

3

�
10

= �
18

= 1, �
25

= −
1

3

 , �
26

=
1

3

 , �
34

= − 1

Σ �⃗x i
: O2 from 

dolomite
CaMg

(

CO
3

)

2
+ H

2
O + SiO

2 (aq)
→ O

2
+ CH

2
O + CaCO

3
+MgSiO

3

�
10

= �
18

= �
22

= 1, �
23

= − 1 , �
25

= −
1

3

 , �
26

=
1

3

 , �
34

= − 1

�⃗x
27

: Pyrite 
oxidation with 
Ca-  silicate 
weathering

15O
2
+ 4FeS

2
+ 8CaSiO

3
→ 8Ca

2+ + 8SO
2−

4
+ 2Fe

2
O
3
+ 8SiO

2 (aq)

�⃗x
28

: Carbonate 
cation switching

CaMg

(

CO
3

)

2
+ Ca

2+
→ 2CaCO

3
+Mg

2+

Sets �⃗x 22 and �⃗x 24 are two of the reservoir exchange reactions of Garrels and Perry (31). Set �⃗x 25 , from Bachan and Kump (36), is a variant of a reaction from Garrels and Perry (31) with 
siderite substituted for dolomite (the original reaction is the alternative carbon and iron redox balance). The sulfur and iron redox balance is inspired by Schidlowski et al. (37). Set �⃗x 26 is 
also from Bachan and Kump (36). The closed sets �⃗x 1 to �⃗x 18 are not written as reactions because no atoms are net transferred between chemical reservoirs. Chemical reactions for open 
sets �⃗x 29 to �⃗x 36 are provided in SI Appendix, Eqs. S85–S92.
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weathered without replacement (27). Overall, these reactions 
demonstrate that carbonate phases that commonly formed in the 
past but only rarely today, such as dolomite or siderite, can be 
converted to calcite and silicate without modifying seawater chem-
istry or ocean–atmosphere redox state.

The sixth and seventh exchange sets describe the distribution of 
reducing power among the C, S, and Fe cycles (Fig. 4 E and F). For 
example, set �⃗x 24   is the well- known reaction of Garrels and Perry 
(31) describing compensating shifts in the relative abundance of 
oxidized and reduced carbon and sulfur reservoirs. As pyrite and 
calcite react to gypsum and organic carbon, reducing power repar-
titions from the sulfur cycle to the carbon cycle while balancing 
pO2 and pCO2 (25, 26, 39). Set �⃗x 25 is a conceptually similar reac-
tion that transfers reducing power between the carbon and iron 
cycles by converting Fe- silicate and siderite to hematite and organic 
carbon. Combination of the exchange sets can give rise to a similar 
reaction balancing Fe- silicate and dolomite against hematite, organic 
carbon, calcite, and Mg- silicate (31) or to a balance between the 
sulfur and iron cycles that does not involve any carbon- bearing 
species (37) (Table 2). Furthermore, closed and exchange sets can 
be combined to generate additional vectors 

(

Σ�⃗x i

)

 with chemical 
expressions the reverse of those associated with �⃗x 24 and �⃗x 25.

Although the exchange sets can be combined to generate a wide 
range of possible reactions, this work demonstrates that there are 
only a small number of fundamental mechanisms for exchanging 
mass among crustal reservoirs while preserving constant ocean–
atmosphere conditions. Indeed, only four exchange sets ( �⃗x 22 to 
�⃗x 25 ) do not rely on inputs from solid- Earth degassing. Although 
our analysis employs linear algebra to demonstrate this result 
mathematically, the finding supports the description of reservoir 
exchange reactions by Garrels and Perry 50 y ago (31).

3.3. Open Sets: Balancing ALK and FIC Fluxes. The final type of �⃗x , 
open sets, describes reaction combinations that balance ALK and 
FIC fluxes while allowing for changes in the size of other dissolved, 
gaseous, and crustal reservoirs. Given that there are 36 linearly 
independent vectors in the null space of Aopen , there are many 
ways in which such reaction combinations can occur (SI Appendix, 
Fig. S4). Of the 36 null space dimensions, 25 can be considered 
as the closed and exchange sets described above while 11 represent 
new vectors ( �⃗x 26 − �⃗x 36 ) within the null space of Aopen (Fig. 2). 
Once again, these vectors are non- unique. Below, we highlight 

two types of open sets derived through linear combination of �⃗x 1 
through �⃗x 36 : reaction combinations that accumulate O2 in the 
fluid Earth, with relevance to Earth’s oxygenation, and reaction 
combinations that alter seawater chemistry, with relevance to the 
interpretation of marine geochemical records (Fig. 5).

A key challenge for understanding increases in atmospheric pO2 
is identifying how to balance the budgets of FIC and ALK while 
substantial quantities of CO2 are consumed through oxygenic pho-
tosynthesis. In prior work, Bachan and Kump (36) argued that 
oxidation of siderite to hematite could produce three O2 molecules 
per four fixed CO2 molecules (Fig. 5A; �⃗x 26 ). Their proposed mech-
anism is an open set because, by balancing the ALK and FIC fluxes 
from siderite weathering against ferrous iron oxidation and oxygenic 
photosynthesis, the reactions preserve ocean–atmosphere ALK and 
FIC while accumulating O2. As an extension to this hypothesis, 
cations bound to carbonate could theoretically also form silicate 
phases rather than forming oxides. An alternative version of the 
O2- generating open set would thus be to convert siderite to 
Fe- silicate rather than hematite, resulting in 1:1 production of O2 
per fixed CO2 without modifying ocean–atmosphere ALK or FIC 
(Table 2). Analogously, dolomite weathering could source CO2 for 
conversion to O2 and, following the formation of Mg- silicate, pre-
serve marine ion chemistry. In this fashion, we observe that reverse 
weathering, in addition to impacting the major ion chemistry of 
seawater, may have an under- appreciated role in modulating the 
production of atmospheric oxygen—the conversion of dolomite 
and siderite to Mg-  and Fe- silicates thus connects O2 production 
to the availability of Si and Al for clay formation.

The preceding example balances the positive ALK flux from 
siderite or dolomite weathering against negative ALK fluxes from 
iron oxidation, Fe/Mg- reverse weathering, or calcite formation. In 
a similar way, the positive ALK flux from silicate weathering can 
be balanced against the negative ALK flux from sulfide oxidation 
(Table 2), and this open set may be important during periods of 
enhanced mountain- building (14, 40). For this open set ( �⃗x 27   ), 
atmospheric pO2 declines while seawater SO4

2− and cation con-
centrations increase (Fig. 5B). However, sulfide oxidation would 
cease to function as an ALK sink if the atmosphere ran out of O2 
or if the build- up of seawater SO4

2−, given appropriate availability 
of iron and organic carbon, increased the production of pyrite 
within sedimentary basins (41, 42). Analogously, reverse weather-
ing during O2 production, as discussed in the example above, 
would cease to function as an ALK sink if it were to become limited 

A B C

Fig. 5.   Open sets that balance ALK and FIC while modifying other ocean–atmosphere chemical species. The biogeochemical processes in (A) result in increasing 
pO2 (36), those in (B) result in declining pO2 (14), and those in (C) result in a rising seawater Mg2+/Ca2+ ratio. Note that panel C has a different y- axis (Δ(FIC)) than 
panels A and B (Δ(O2)). The duration over which open sets can be sustained relates to the strength of reaction feedbacks. Within each panel, the biogeochemical 
processes contributing to individual sets are presented in the same color. The plotted scaling for each set is to enhance visibility and does not reflect relative 
importance in the Earth system. See Table 2 and SI Appendix for the chemical reactions associated with each open set.

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.
or

g 
by

 P
re

st
on

 C
os

sl
et

t K
em

en
y 

on
 M

ar
ch

 1
3,

 2
02

4 
fr

om
 I

P 
ad

dr
es

s 
20

8.
95

.7
9.

10
.

http://www.pnas.org/lookup/doi/10.1073/pnas.2316535121#supplementary-materials
http://www.pnas.org/lookup/doi/10.1073/pnas.2316535121#supplementary-materials
http://www.pnas.org/lookup/doi/10.1073/pnas.2316535121#supplementary-materials


PNAS  2024  Vol. 121  No. 12  e2316535121 https://doi.org/10.1073/pnas.2316535121   9 of 12

by the availability of reactive Si or Al. Within the context of a box 
model, the lifetime over which open sets can be sustained thus 
depends on the functional forms of the feedbacks that couple reac-
tions together.

These examples illustrate the key concept that open sets allow 
chemical species that can sustain multi- Myr imbalances, such as 
seawater SO4

2−, to balance the fluxes of ALK and FIC over shorter 
timescales. When considering long- term planetary evolution, chem-
ical species without stiff reaction feedbacks may thus be critically 
important for absorbing instabilities in the ALK and FIC cycles 
over timescales of hundreds of Myr. That is, element cycles capable 
of accumulating or depleting seawater reservoirs may enable match-
ing between inputs and outputs of ALK and FIC. In an analogous 
way to SO4

2−, marine ions with long residence times such as sodium 
and chlorine, although not often considered central players in the 
global carbon cycle, may actually have key roles in the maintenance 
of stable pCO2 values over geological timescales.

4. An Application: Cenozoic Climate Change

The long- term cooling of the Cenozoic and associated decrease in 
pCO2 are robust features of geochemical datasets that have been 
the subject of extensive prior research (43, 44). The drawdown of 
CO2 required an imbalance between input and output fluxes of 
either ALK, FIC, or both. However, as the carbon cycle is thought 
to be extremely sensitive to sustained imbalances in the fluxes of 

ALK and FIC (2, 3), understanding the processes that prevented 
runaway changes in pCO2 while still allowing for declining 
Cenozoic values remains central to determining the plausible driv-
ers of climatic change. Here, we recast existing hypotheses for 
carbon cycle stability during Cenozoic cooling into the framework 
of closed, exchange, and open sets (Fig. 6). While the hypotheses 
for Cenozoic climate change make distinct and testable predictions 
for the magnitude of silicate and carbonate weathering fluxes 
through time, as well as for the chemical and isotopic evolution 
of seawater, the framework we present does not currently seek to 
evaluate the specific contributions of distinct biogeochemical pro-
cesses to observed geochemical variations.

To clarify the mechanisms of Cenozoic pCO2 decline, we sepa-
rately discuss hypotheses that require feedbacks, such as 
climate- dependent silicate weathering with a weatherability con-
struct, from those that balance biogeochemical fluxes through a 
shared forcing mechanism. Though our framework purposely does 
not include feedbacks, they can still be considered in terms of their 
implications for the magnitudes of closed and open sets. In all cases, 
variations in biogeochemical processes are evaluated relative to a 
stable initial state at elevated pCO2 that reflects operation of the 
Urey set ( �⃗x 1 / �⃗x 2 / �⃗x 3 : metamorphism, silicate weathering, carbonate 
formation), the carbonate set ( �⃗x 4 / �⃗x 5 / �⃗x 6 : carbonate weathering 
and formation), the reverse weathering set ( �⃗x 7 / �⃗x 8 / �⃗x 9 / �⃗x 10 : silicate 
weathering and reverse weathering), the organic carbon set ( �⃗x 11 : 
aerobic respiration and oxygenic photosynthesis), and the sulfur set 

A B C

D E F

Fig. 6.   Hypotheses for Cenozoic climate change as closed and open sets. All arrows in all panels begin at the origin. (A) Stable initial condition comprised of 
the Urey (red), organic carbon (purple), carbonate (green), reverse weathering (yellow), and sulfur (blue) closed sets. (B) Constant magnitude of the Urey set or 
reverse weathering set due to changes in weatherability. (C) Reduced magnitude of the reverse weathering set. (D) Enhanced magnitude of the carbonate set. 
(E) Enhanced magnitude of the Urey set with enhanced organic carbon oxidation and organic carbon burial. (F) Enhanced silicate weathering and oxidation of 
sulfide minerals. The plotted scaling for each set is to enhance visibility and does not reflect relative importance in the Earth system.
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( �⃗x 13 : oxygenic photosynthesis, sulfide oxidation, and microbial 
sulfate reduction) (Fig. 6A).

4.1. Balance in Biogeochemical Cycles: Weatherability and 
Fluxes with Feedbacks. One of the earliest proposed explanations 
for decreasing Cenozoic pCO2 was an increase in planetary 
weatherability (Fig.  4B) (8, 45, 46). Here, we use the term 
weatherability to refer to the coefficients of a monotonic positive 
function linking silicate weathering fluxes and pCO2, recognizing 
that this simple formulation fails to resolve the nuanced roles of 
acids, oxidants, and water supply, the dynamics of uplift and soil 
formation, and the kinetics of weathering reactions. Under the 
weatherability solution for Cenozoic pCO2 decrease, the system is 
still governed by the same closed sets at the same magnitudes as in 
the initial condition, but the pCO2 required to generate the requisite 
alkalinity flux has decreased via a modification of the underlying 
feedback process. The reduction in pCO2 is ultimately accomplished 
through a series of transient, low- magnitude imbalances (8).

A closely related hypothesis for Cenozoic climate change is a reduc-
tion in reverse weathering (17). Under this solution, a reduction in 
the reverse weathering ALK sink causes an excess in the supply of 
ALK from silicate weathering that, by increasing the ALK concentra-
tion of seawater, lowers pCO2. The imbalance in ALK fluxes is recti-
fied by the silicate weathering feedback, which lowers the ALK supply 
from silicate weathering. Such coupled changes in silicate cycling 
constitute a decrease in the magnitude of the reverse weathering closed 
set (Fig. 6C). Depending on the cation identity of the alkalinity, this 
mechanism could alternatively be an open set that balances ALK and 
FIC fluxes while resulting in an elevated marine Mg2+/Ca2+ ratio 
(Fig. 5C; �⃗x 28 ; Table 2). Notably, while this mechanism for Cenozoic 
climate change does require a silicate weathering feedback, it does not 
require a change in weatherability.

A more recent hypothesis, underlain by observations of a 
deepening CCD and declining Ca2+ concentrations, generates 
Cenozoic cooling by increasing the strength of the carbonate 
closed set (Fig. 6D) (15). In this case, pCO2 may decline by 
changing the partitioning of FIC between the ocean and atmos-
phere following changes in seawater Mg2+/Ca2+ and in the size 
of the marine ALK and FIC reservoirs. This partitioning is sen-
sitive to the magnitude of the carbonate closed set as a result of 
feedbacks in the cycling of dissolved and solid- phase carbonate 
in the ocean (47, 48).

While the weatherability hypothesis predicts constant silicate 
weathering fluxes, the reverse weathering hypothesis predicts 
decreasing silicate weathering fluxes, and the carbonate hypothesis 
predicts increasing carbonate weathering fluxes, there are also mech-
anisms for Cenozoic pCO2 decline that predict increasing silicate 
weathering fluxes. Such hypotheses, often motivated by the 87Sr/86Sr 
record, generally rely on additional processes that either add FIC 
or remove ALK from the ocean–atmosphere system to compensate 
for enhanced ALK supply. For example, Bickle proposed that the 
drawdown of CO2 caused by excess ALK supply from erosion- driven 
silicate weathering was limited by a related increase in the degassing 
of CO2 from carbonate metamorphism (Fig. 6E) (49–51). Because 
this hypothesis enhances metamorphism, silicate weathering, and 
carbonate formation, it is analogous to increasing the magnitude of 
the Urey closed set. Under a responsive silicate weathering feedback, 
this hypothesis would require increased weatherability, in the sim-
plistic sense defined above, in order to result in decreased pCO2 
despite the elevated silicate weathering flux.

In a similar manner to enhanced metamorphic degassing, increases 
in fossil organic carbon oxidation (Fig. 6E) (12, 52) or increases in 
sulfide mineral oxidation (Fig. 6F) (14) tied to increases in mountain 

uplift could partially compensate for increased silicate weathering 
and balance the Cenozoic carbon cycle. These mechanisms define 
open sets because they balance ALK and FIC fluxes while resulting 
in lower pO2 and, for the sulfide oxidation scenario, higher seawater 
SO4

2− concentrations. As in the example of metamorphic decarbon-
ation, these scenarios again require enhanced weatherability to result 
in decreased pCO2 when assuming a responsive silicate weathering 
feedback.

4.2. Imbalance in Biogeochemical Cycles: Fluxes Based on 
Shared Forcings. The closed and open sets described above reflect 
changes in Cenozoic pCO2 governed by the silicate weathering 
and carbonate compensation feedbacks. In each of these cases, the 
transient imbalances necessary to decrease pCO2 over the Cenozoic 
are sufficiently regulated to avoid runaway changes in climatic 
conditions. As an alternative to feedback processes, researchers 
have also proposed that shared forcing mechanisms can limit the 
magnitude of flux imbalances. In these hypotheses, there is not 
necessarily a feedback process that keeps input and output fluxes 
balanced. Rather, a common mechanism such as mountain uplift 
regulates both sources and sinks such that the net ALK and FIC 
fluxes are sufficiently small to prevent catastrophic pCO2 variation. 
Although feedbacks are commonly employed in numerical models 
to generate carbon cycle stability (27), compensating fluxes 
can theoretically also sustain habitable conditions. That is, the 
processes that act to make silicate weathering fluxes increase, such 
as enhanced erosion, can also act to elevate pCO2 by increasing 
decarbonation reactions or the oxidation of organic carbon and 
sulfide minerals (14, 49, 52–54). Such mechanisms potentially 
require a sluggish or absent silicate weathering feedback in order to 
sustain minor imbalances in ALK and FIC fluxes over the duration 
of mountain building. Because this type of pCO2 change is not 
balanced for ALK and FIC fluxes, such hypotheses are technically 
outside the conceptual framework presented in this article (Fig. 1). 
However, as these ideas represent only minor variations from fully 
balanced systems, their flux diagrams are nearly identical to open 
and closed sets (Fig. 6 E and F).

The core mechanism underlying this class of Cenozoic climate 
change hypotheses is that mountain uplift may increase, in addi-
tion to the ALK flux from silicate weathering, metamorphism 
(49–51), sulfide oxidation (14), organic carbon oxidation (10, 12, 
52), or the removal of organic carbon through enhanced sedimen-
tation (9, 55). The net direction of pCO2 change will depend on 
the relative erosional enhancement of each process and will likely 
differ for each orogenic event. For example, pCO2 could decline 
without invoking the silicate weathering feedback if an enhance-
ment in silicate weathering exceeded that of sulfide oxidation 
(Fig. 6F) (14). This mode of hypothesis also suggests the potential 
operation of a closed set composed of tectonically forced organic 
carbon oxidation and sedimentation- forced organic carbon burial 
(Fig. 6E). Although increasing the magnitude of either organic 
carbon oxidation or burial may not necessarily induce correspond-
ing change in the other process (56), the two can both be driven 
by tectonic forcing and thus stably alter pCO2 through small flux 
imbalances.

5. Conclusions

This work quantifies interactions among global element cycles 
using a set of chemical reactions that couple the atmosphere, 
ocean, and geosphere. We highlight 18 closed sets describing 
reaction combinations that generate steady- state conditions for 
all chemical reservoirs and 7 exchange sets that balance fluxes 
of dissolved and gaseous compounds while accumulating and D
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depleting crustal reservoirs. Despite considering a wide range of 
biogeochemical reactions, our analysis reveals that there are only 
a small number of ways to exchange mass between crustal reser-
voirs without modifying ocean–atmosphere conditions. We also 
identify 11 open sets, which are reaction combinations that com-
pensate for imbalances in ALK and FIC fluxes by modifying other 
chemical reservoirs in the fluid Earth. Because feedbacks deter-
mine the timescale over which open sets can be sustained, bio-
geochemical reactions without stiff feedbacks may be important 
for the stability of pCO2 over geological time; the accumulation 
and depletion of elements in seawater such as SO4

2− and Na+ may 
thus have key roles in long- term planetary habitability. Moreover, 
reverse weathering processes can regulate the transfer of cations 
from carbonate to silicate phases and may contribute to the accu-
mulation of atmospheric oxygen. Lastly, we demonstrate how 
existing hypotheses for Cenozoic climate change, based on either 
assumed climate feedbacks or shared forcing mechanisms, can 
be viewed in the framework of closed and open sets. This discus-
sion illustrates that different hypotheses make testable predictions 
for the changes in Cenozoic silicate and carbonate weathering 
fluxes and highlights the importance of identifying the relative 
influences of tectonics and climate on biogeochemical processes. 
Overall, this work provides a systematic conceptual framework 

for understanding balance and imbalance in global biogeochem-
ical cycles.

6. Method for calculation of sets

The reactions listed in Table 1 were rearranged into Fig. 1 by relating stoichio-
metric coefficients to reaction rate and impacted chemical species. We then used 
the MATLAB function null with the rational option to calculate a non- orthonormal 
basis for the null spaces of Aclosed , Aexchange , and Aopen . In turn, we constructed 
a modified basis for each null space in which each vector was composed of intu-
itive process combinations with positive magnitudes. While there are an infinite 
number of possible basis vectors, each reflecting a distinct combination of bio-
geochemical processes, we reached the basis sets presented here by matching 
previously described chemical expressions and/or by minimizing the number of 
biogeochemical processes contributing to each set (SI Appendix, Eqs. S1–S92).

Data, Materials, and Software Availability. No data were generated for this 
article. The mathematics that underly our results are solved in a set of MATLAB 
scripts archived through Zenodo (10.5281/zenodo.10621255) (57) and available 
on GitHub (github.com/PrestonCosslettKemeny/biogeochemical_sets).
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